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Abstract

We make a systematic study of new exactly solvable models of 2N parameters models of finitely many nonrelativistic 6" -
sphere and &' -sphere plus Coulomb interactions. They constitute a generalization of 2N parameters nonrelativistic §'-sphere
and &' -sphere plus Coulomb interactions. We provide the mathematical definitions of hamiltonians and obtain new results for
both model, in particular the resolvents equations, spectral properties and some scattering quantities theory. When we have
an appropriate choice of the parameters linked to the above-mentioned model, we show that the unification of the &' -sphere
interactions of the first and second type leads to an increase in scattering amplitude and a decrease of scattering length.

Keywords: boundary conditions problem, §'-sphere interactions, self adjoint operator, resolvent equation,
spectral properties, scattering theory.

Résumé
Nous étudions deux nouveaux modéles a 2N paramétres d'interactions &'-sphériques non-relativistes et &'-sphériques non

relativistes plus une interaction Coulombienne centrées sur un nombre fini de spheres. Ils constituent une généralisation des
interactions &'-sphériques et §’-sphériques plus une interaction Coulombienne centrées sur une sphéere. Nous définissons les
hamiltoniens et nous obtenons de nouveaux résultats pour les deux modéles: Equations résolvantes, les propriétés spectrales
et les éléments de la théorie de diffusion. Lorsqu’ on fait un choix approprié des paramétres liés au modeéle cité ci-haut, nous
montrons que I"unification des interactions 8’ -sphériques de premiére et de deuxiéme espéce (qui donne naissance au modéle
a 2N paramétres) entraine un accroissement de I’amplitude de diffusion et une diminution de la longueur de diffusion.

Keywords: Conditions au limites, Interaction &'-spherique, extensions auto adjointes, Equation résolvante, théorie de diffusion
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1. Introduction

The study of sphere interactions is interesting for
understanding various physical phenomena in quantum
mechanics (Hounkonnou M.N. et al., 1999, Antoine J.P. et
al., 1988; Shabani J., 1988; Dabrowski L. & Shabani J.,
1988; Antoine J.P et al, 1994; Shabani J., 1988;
Hounkonnou M.N. et al., 1997 ; Dittrich J.et al., 1989;
Dittrich J. et al., 1992; Shabani J. & Vyabandi A., 2002;
Green .M. & Moszkowski S.A.,1965 ; Blinder S.M., 1978;
Rubio J. and Garcia- Moliner F, 1967). To the best of our
knowledge, the study of &'-sphere interactions based on
theory of self adjoint extension of symmetric operators in
the  Hilbert space began in the twentieth
century(Hounkonnou M. et al., 1999). And so far little work
has been done in this area both in relativistic and non-
relativistic quantum mechanics (Hounkonnou M. et al.,
1999; Akhiezer W.1. and Glazman I.M., 1981). Yet these
interactions are exactly solvable models and their systematic
study allows us to better understand their properties.
Hounkonnou M. and his co-authors studied the one and N
parameters models of &'-sphere interactions  called of the
first and the second type (Hounkonnou M. et al., 1999). For
these both models provide the basic properties and discuss
the stationary scattering theory. But as indicated our
previous report (Vyabandi A. and Shabani J.; 2020), the
study of the 2 N parameters models which unifies the &-
sphere interactions of the first and the second type allows
us to better understand the dynamics of the perturbed physic
system in term of scattering data. This is missing in the
literature for the §' potential and this is the aim of this paper.
We discuss the basic properties of new exactly solvable
models of 2N parameters models of finitely many
nonrelativistic &'-sphere and &'-sphere plus Coulomb
interactions in three space dimensions using the theory of the
self-adjoint extensions of symmetric closed operators in
Hilbert spaces. This model generalizes the two models
introduced by Hounkonnou (Hounkonnou M. et al., 1999)
and Antoine and (Antoine J.P et al., 1988) where similar
works was done for 2 and N parameters of nonrelativistic
6'-sphere and §'-sphere plus Coulomb interactions.

The paper is organized as follow. In Sec.ll, we provide a
mathematical definition of the hamiltonian and obtain new
results on the resolvent equation, the spectral properties and
the scattering data (Scattering matrix, amplitude, length and
the differential scattering cross section).

In Sec.l1, we generalize the results of Sec.ll to the case of a
two parameters &'sphere interaction plus a Coulomb
interaction.

2. Basic properties of the nonrelativistic 2N
parameters model of finitely &'-interaction
supported by concentric spheres

2.1 Definition of the model
In this section, let us provide the mathematical definition of
qguantum hamiltonian describing the nonrelativistic 2N
parameters models of &'-sphere interaction supported by N
concentric spheres of radii 0 < R, <...< Ry using the theory
of self adjoint extensions of symmetric closed operator.

Consider the formal expression

N
H=-0+) a8l - R),
i=1
x€R30 <R, <...<Ry.
We define in L?(R3?) the closed symmetric and non negative

operator by

2.1)

H = —A,
D(H) = {fe H*?(R®)/f(0k(0,R,)) = f'(3k(0,R))
= 0} (2.2)

where H™"(Q) is the Sobolev space of indices (m,n) and
k(0,R,) is the closed ball of radius R centered at the origin in R3.
We decompose the state Hilbert space L?(R?) with respect to
angular momenta by:

L2(R®) = L2((0,0),72dr) ® L(S?).
We introduce the unitary transformation by

U: L12((0,0),7%dr) » L*((0,),dr) = L?((0;)),

(2.3)

f - WHI) = rfr) (2.4)
which enables us to represent L% (R?) by
L2(R®)=0p2, UL2((0,))®[V; ... Y] (2.5)

where the spherical harmonics ¥, 1 € Ny, —Il < m < [, provide a
basis for L2(5?%) (52 is the unit sphere in R3). [...] denotes the
linear span of vectors in L2(S?2).

With respect to the decomposition (2.5), H reads:

H=@®72, U hrUR1I (2.6)
where
) a2 1(l+1)
hmy =—93+ "3
D(hyry) = {f € L2((0,0))/f, f" € AC1oc((0, 0));
fO+)=0ifl=0;f(R; ) =f'(R; ) =0,
—f" + 1+ Dr2f € 12((0,))}, 2.7)

i=1,..,N,  {R}={Ry .. Ry}

ACloc((Q)) denotes the set of locally absolutely continuous
functionson Q c R and
fxt) = lim f (x%€). The adjoint H* of H is given by
H* =@, Uth; (nyU®11
Where the adjoint &, of A, reads:

. adr o+

WRY = 7 g2 72

D(him) = {f € *((0,0))/f.f" € ACioc((0,0) \ {R});

—f" + 11+ Dr2f € 1*((0,0))}. (2.9)

The equation

(2.8)
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b1 (K) = k2, (k), ¢ € D(hjgy), Imk >0,

l €N, (2.10)
has two linearly independent solutions :
¢ (k)
_ Gl(k, Rl')Fl(k,T); r< Ri
- {0; r > R; (211)
0; r < R;
() _ Y i
L CIoR YR S (212)
where
1
3\ (k7 L
F(k,¥) =T (z + E) (E) 2] 1 (kr)
TC
G,(k,7) = iEF<l
+ E) (E) ERICe (2.13)

and J, (.) denote the Bessel function and H,El) (.) the Hankel
function of the first type of order v. Therefore, hl‘{R} has
defiency indices (2N,2N) and consequently, all self-
adjoint(s.a) extensions of hl‘{R} are given by a 4N?2-
parameters family of self adjoint operators (Akhiezer W.I. and
Glazman .M., 1981).

Let us define a special 2N-parameters family of self adjoint
extensions of hl,{R} with separated boundary conditions

4 I(+1)
hapmy=—gz+t 7
D(hyepmy) =
1+ 'R0+ (F-1) 'R ) =0
(1 +ﬁ2“>q§(R +) + (&— 1)¢(Ri =0

¢eD(hjgy), i BrieRi=1,..,N (2.14)
The Hamiltonian h, , g (zy gives the mathematical definition
of the formal expression

1t 1)
~ LD SN 0,8 - R (2.15)
Rl>0, i=1,..,N
The case a;; = f§;; = 0 in eq. (2.14) coincides with the free

kinetic energy hamiltonian h, , for a fixed angular

momentum [. Let a = {al'i}lel\lo’ﬁ = {Bl_i}leNo

and
introduce in L2(R?) the operator:

Hyp =070 U™ hy g pmUS1L (2.16)
The hamiltonian H, gz provides a mathematical definition of
the2N parameters nonrelativistic
&'-sphere interaction.

The particular case « = 8 = 0 in eq. (2.16) leads to the free
hamiltonian

Hy = —A; D(H,) = H?2(R3). (2.17)
The particular cases ¢ # 0, =0anda = 0,8 # 0 ineq.
(2.16) yield the Nparameters nonrelativistic §'-sphere

interactions of the first and second type respectively
(Hounkonnou M. et al., 1999).

2.2 The resolvent equation
Theorem 2.1: The resolvent of h, ,, gand H, gread respectively:

O (hapm—k2) " = (o =) " +
D 1P @ (R, )9 60— P (u (-R), ) )
i=1

1P WP (E), )PP W) + +uP (@2 (k) P k)],
k* € p(hiopr); Imk >0; L€ N (2.18)
where

i_@Jr&[al(k RF (kR —

()] —J““ *

[Gl(k' Rl)Fl(kl Rl)] ) i =]
k—[Gl (k, R)F,(k, R, i+,
1 i i
(5= ek ROR G ROY +
PO =126 RORG ) i=j
|1
kz_ [G,(k, R)F,(k, R))] iL#]
[ (o1
(1 1 1 1/ 1 1
{ Q{a”ﬁ” 3 E(E_ ﬂ“> [G,(k,R)F,(k,R)] }
B 1 . .
) L#J,
(2.19)
PPk, 1)
B G, (k, R)F,(k,); T <R,
- {(—1)"Fll(k, R,-)G,l(k,r), r>Rrp=12 %20
Yl (k,1)
— G’(k, RL)F (k! 7"), r< Ri
B {(—ll)PF{(k,l R)G( ), r>Rop=12 2D

(i) (Haﬁ{R} - 2)_1 = (Ho — k*)™*

+Zeal 0@y 1P 111G (R, )

. |¢f”(k)y("” P &1 1w (=)™, )1 1P oy, ™ —
p2 (1 1P (k)Y ™, xl. 1B (e r, ™
+u (O (1 192 ()Y, ™, )1 P oy, ™),

k* € p(Hepry); Imk > 0,1 € Ny (2.22)

Proof:
Let g € L?((0; o)) and define the function f(k,7) by

f) = ((hiapm - k?) g) (). (2.23)
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Since f € D(hyqp,r;). it follows that f satisfies the boundary ~ prove (2.31). _ _ _
conditions in eq.(2.14). The implementation of these NEXtprovenow the interaction h,q p (ry is local.
boundary conditions prove Eq (18). (@) Weassume R ¢ /\ then

Let us now provide the additional information on the do.mal.n (ho — k?) Z (1)(k))(1 (k, R, )11’1(2) k) +
of hye g (ryand prove that the two parameters &' interaction is

~(2 ) ~(0)
local. _ Ml,)(k)xl(k ROV, (6)+ ui) (O (e YD, (k)
Theorem 2.2: The domainD(hy qpr}) —© < Apn, Bin < 3) o
o, € R, n = 1, ..., Nconsists of functions of the type: —Hij (), (ke R (k.. )} (r)=0(229)
brapryer) = xi(k,1) + )
Implies
+z m(k))({ (k, ROYP (k, 1) — ,quZ) (k) x, (b, RO (e, 1) (huapRyPLapry) () = K2Puap (M)

+ (hz, —k*)x ) (1)
(3)(k))a(k ROP (k1) + 1 ()i (k, ROV (k) |, (€ )
X € D(hl,o) k? € p(hyapry) Imk > 0 (2:24) = (hyo —kZ)Z (1P doxi G RO Y () +
® . _ :
where the constants Wi D= 1, ...,3 are defined by eq.(2.19). @ —(2) 3) —(1)
The decomposition (2.24) is unique and with ¢, 4 5z Of this ~ Hij (), (k, R)Y, (k )+ g () (e RYY, (k)
form, we obtain: —Hlj)(k)){l(k R; )1pl(1)(k )} (r)=0,reA
(huap Ry = ) rapiry (2.30)

= (hyo — k*) - (2.25) ) If REA then ¢apm® =0 and x€
Consider ¢yq,p,r}y € D(hiap,(ry) aNd rapry = 0 in an open AC,.((0; ©)) implies y,= 0 and hence
setA c [0,0), then hyqp (RyPrapry = 0 In A, which means (hz,,a,ﬁ,{R}¢z,,a,ﬁ,{R}) (r) = k? buapry(T) =07 €A. (2.31)

that the interaction described by h; 4 g (r} is local. We proved that if ¢, o gy =0 in a open setA c R, then
Proof: hy o pRyPrap Ry = 0 in A, which mean that the interaction
The domain D(hy ¢ g (ry) reads: hy, e p(r}iS local.

D(huapry) = (apiry — k) (hyo — k2)D(hye)

={(ho—k?)" +

2.3 Spectral properties

The spectral properties of h;, g (gyare provided by the following

theorem where o,; 04.; 05 denote the essential spectrum,
@ (5@ @ @ ()@ essi ac; Osc

z [ (5,2 (=k), ) (k) = P (P (=), )PP (k) absolutely continuous spectrum, singularly continuous spectrum

i=1 respectively.

—uy (0 (-R).. )97 0

N

Theorem 2.3: Forall a; ,, 8;, € (0,00),n=1,...,N we have :

(3) @ ® 2
(1,01 ( k) )¢l (k)]} (hlo k )D(hlo) O-ess(hl,a',ﬂ,{R}) = O-ac(hl,a,ﬂ,{R}) = [0, ), (2.32)
k* e p(hl,a,,;,{R}), Imk > 0,1 € N,. (2.26) 05c(hya,p) = 9 (233)
Eq.(2.26) prove eq.(2.24). Let now ¢, o g (ry = 0 in eq.(2.24),
then Proof :
N Eqg. (2.32) and eq.(2.33) follow from Weyl’s theorem (Newton
nl,r) = Z [—.Ulq)(k))d(k;Ri)l/’l(z)(k,r) + R.G., 1966), p.112 and theorem XIII respectively.

#z])(k)Xz(k R )l/) (k ) + #(3)(,()%1(]( R )w(l)(k,r) 2.4 Scattering tr_\eory for the pair (hyq g ry » hio)
o ) For k = 0, we define the functlon
— 1 0xi U ROPV k1], (227)

and y; € AC;,.((0,)) implies y; = 0 which prove the b pryk,r) = Filkr) + Z [u(l)(k)Fl (k, r)z/)l(z)(k,r) -
uniquess of eq.(2.24). The relation
1 -~ ~(1
(heap iy —K2) " (hao — K22 uB UOF (e RITE - 1 GOF (e RYTL (k)
3) (1)
- - +u:7 (K)F (k, R;) (k,7) 2.34
+Z [P UG (=R), (huo = K)o 00 wy GO Rdi Gk @35
(2) @(_71 _ 2 7(2)
(3)(k) (U’(Z)( k), (hio — k )Xl)l'b(l) (k) The phase shift of h; 4, ,is obtained through the asymptotic
(O (W, ™ (=k), (hio — k2 )x ), (k) behavior of hy 4 g rjasT — oo,

~(2) i
(3)(k)( (—k), (hlo _ kZ)Xl) 11) (k)] For k > 0, one has (Abramowitz M. and Stegurn I.A., 1972)

l
brap Ry — © A,(k)sin (kr - ?n) +
= prap Ry k? € p(higpry) Imk >0 (2.28)
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I

i {#E}) (k)F! (k, R)F,(k, R)B, (k) exp [—i <kr _ 7)]

i) (RYF ik, RF(k, R)B, (1) exp[ (’” - %T)B

= [4,(0) — 1B,(K) Z (P00 — P o) x

F/(k,R)F,(k,R;)] sin (kT - l?n)

€].2>(k)) F{ (k, R)F,(k, R)) %

~B,(k) i (1P = K
i=1
cos (kr — 1771)

I
[L {R}(k) + 12 {R}(k)] sin (kr -—+ 6l‘a,ﬁ,{R}(k)>

+ 0(1). (2.35)
Therefore the phase shifts reads:
Ly

L{R}
By (k) XYj=1 Qi (k) F (k, R)F, (k, R;)

81ap,ry(k) = —arctan

= —arctan
A, (k)

where (Vyabandi A. and Shabani J.; 2020)

A, (k) = 27k (2l
(2.37)
By (k)

+2)r(+ 174,

1

R0

and

2,00 = (1 (k) = uP o))

The on-shell scattering matrix is given by
Svapryk) = eXP(Zi5I\z],a,/3,{R}(k))

(2.38)

=1 - 2ikB? Z Q; (k)F{ (k, R)F,(k, R;) (2.39)

ij=1

The partial wave scattering amplitude is given by:

exp (2i6l,a,ﬁ,{R}(k)) -1
frapmy(k) = ik

— B, (k) XNioy Qi (k) F/ (k, R)F, (k, R; )
(2.36)

W p iRy = Z 0;(0) (1 + DR (2.43)
ij=1
The total scattering section for the pair (h; ¢ g r} ,hi0) IS given by
Ototar = | dQa (0, 9) (2.44)

where 6, ¢ are angulaire variables. The differential scattering
Cross sectlon o reads (Nevvton R.G., 1966)

4Z(l+ ) |fmﬁ{R}| P?(cos ).

The Legendre Polynomials P;(cos8) are defined by Rodrigues
formula (Vyabandi A. and Shabani J.; 2020):

) (sin 8)%.

(2.45)

_)l
P;(cosO) = ST (d v (2.46)

Then eq. (53) reads:

1 2
Ototal = 42 (l + 5) |frapml J @ (l
=0

1
—) P;(cos) P;(cosh)

Z(H‘ |fla,8{R}|f d(pf d@sin@(l
0

1=0
1
+ E) P;(cosO)P,;(cosh)

© 1 , -
=—8nZ(l+§) frapml fo d(cos 0) (l

1=0
1
+ E) P;(cosB)P;(cosH)

= 8n i (14 ) Vrapanl [ ax(1+3)Pcoreo @a7)
1=0 -1

with x = cosé, then, the total scattering cross section reads :

Ototal = 8”2 (l + E) |fl,a,ﬁ,{R}|

=0
2

e} N
1
- snz (z +§) B2(k) Z Q, (K)F,(k, R)F,(k, R)| . (2.48)
1=0 i,j=1
A straightforward computation shows that:
Ototal = Z 01 (2.49)

=0
= —B?(k) Z Q;;(k)F/ (k, R)F,(k, R;). (240) where g; is called partial cross sections and is given by :

ij=1

The on-shell scattering amplitude f; 4 g (ry(k, w, @") associated

with H, g reads:
fzaﬁ{R}(k w,w")

2 8ia k
_47-[2 Z exp 10y, ﬁ{R}( )) Ym(w’)ylm(w) (2.41)

=0 m=
The correspondlng effective range expansion reads:

[(20 + DUIK oty q,p,0m) (k)

=~ T3 TLap Rk
+0(kY) (242
where the scattering length a,, g (r) is given by:

0y = 4m(2L + 1)k sin® §, 4 g (ry-

3. Basic properties of the two-parameters
nonrelativistic 6'-sphere interaction plus Coulomb
interaction

3.1 Definition of the model

The 2N-parameters §’-sphere interaction plus Coulomb interaction
is formally given by the hamiltonian

H——A+—+Za“6(|x| R), Y ER, x € RS,

Consider in L?(IR3) the operator
H]/,{R} = —A +

m’
28
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D(Hy ) = {fe H**(R?)/f(0k(0,R)) = f'(9k(0,R))

=0}L(3.2)
We introduce the operator H, by
. Hy (ry
= @;20U ™ hyy iU 11 (3.3)
where
dz2 11+ 1)
by ==—gzt—z "ty

D(huy,my) = {f € L*((0,0))/f, fe AC1oc((0,0));
fOO+)=0ifl=0;f(R;+) = f'(R; +) =0,
—f"+ 10+ Dr2f +yr~if € 1*((0,0))}, ¥y € R,L € Ny, i

=12,...,N,{R}
= {Rl’RZ""'RN} (3.4)
The adjoint HY{R} of H V.(r} Teads
. Hy iy
= @inU‘lhfyy,{R}Utg 11 (3.5)

where the adjoint A;,, s, of hl,y,{R} reads:
@ l+1)
lV{R} T dr? 72
D(hiym) = {f € L2((0, oo))/f F' € AC4e((0,9) \ (R));
f(0+)=0ifl =0;
—f" + 1+ Dr2f +yr if € 12((0,2))},y € R, !
€ N,. (3.6)
The deficiency indices equation
h;,y,{R}d)l,y(k) = kz(l’l,y(k)' ¢l,y € D(hzy,{R})' Imk > 0,1

€ Ny (3.7)
has 2N linearly independent solutions :

b (k)
— Glzy(k’ Ri)Fl,‘y(k’ r); r< Ri
- {0 r>R; (3-8)

62, (k, )
0’ r< Ri
{Flry(k’ Ri)Gl,)/(k! T) r> Ri (39)
Wherei =1,...,N and
i

Fl}’(k r) =r! *lexp(ikr) 1 Fy (l +1+ %; 21 + 2; —Zikr)

Gly(k r)=T(Ql+2)" 1l"(l +1+ )( 2ik)2*1 x

Hexp(ikr)U (1+ 1+ %520+ 2; 21k7‘) (3.10)

where ,F;(a; b; r)(U(a; b; r)) denote respectively the regular
(irregular)confluent hypergeometric functions (Bolle D. and
Gesztesy F., 1984). The operator hlyhas deficiency indices
(2N, 2N) and consequently all its self-adjoint extensions may be
parameterized by a 4N2- parameters family of self-adjoint
operators (Akhiezer W.l. and Glazman 1.M., 1981). Let us
introduce the following 2N parameters family of s.a extensions
of hy,by:

dZ

I(+1
WJF( )+z’

r2

hiyapry = —
D(hiy,apry) =

(1+—)f(R +)+(—l—1)f’(Ri—)=0

( B

f ,

1 +7)f(Ri )+ (ﬁ?— 1)f(Ri =0
fe€D(h, &) @B ER,i=1,..,N (3.11)

The case a;; = §;; = 0 in eq. (3.11) yields the free Coulomb

hamiltonian h;,, for a fixed angular momentum L.

The 2N-parameters nonrelativistic §'-sphere interaction plus

Coulomb interaction is defined by

H

yapry = Diz oU "hiyapmU® 1L,
a={a i} B={Bui}, (3.12)
The particular case « = 8 = 0 in eq. (3.12) leads to the
Coulomb hamiltonian
Hy gy = ©20U " hyy ryUR 11, (3.13)
where
> (l+1) y
hyw=—gz+t—z+
D(hiygmy) = UF € Z((0,0))/f. ' € ACue (0, )
—f" + 1L+ Dr2f +yr~if € 12((0,))},
YERI>1. (3.14)

The case @ # 0,4 =0 in eq. (3.12) yields the N parameters
nonrelativistic §'-sphere interaction plus Coulomb interaction of
the first type. The case § # 0, = 0 in eq. (3.12) yields the N
parameters nonrelativistic §'-sphere interaction plus Coulomb
interaction of the second type[1].

3.2 The resolvent equation
The resolvent of h,, o g (ryand Hy, 4 g (ry are given by the
following theorem:

Theorem 3.1: If a; ,, B, # 0, we have:
() The resolvent of h;, , g (ry IS given by

= (hyy ey — k?)

@@L (k). ) v k) — u),

(hl,y,a,B,{R} —k 2)_1
N

+ Z[uf} )

W2 (=), b2 ()

) D R DD + 4 P (), W0,
k? € p(hyapr); Imk > 0; L € N, (3.15)
where
(1 -1 _
[:uuy(k)] ! -
( 1 Bl,i ﬂll r, i
{ E_T 2 a_“_ 1 [Gl,y(k' Ri)Fl,y(k; Ri)] L=
1 ,
L—E[Gz.y(k' R)F,, (k,R)] i+,
[/“lljy(k)] !

{ 1 (Z“ 1 ( a; l') , ) ]
— - 1——=){G,,(k, R)F,,(k,R)|, i=
{ Bui 4 B [ Ly i)y i ] ]

1
(5 [6uy G, ROF (e R P
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18, ()]~

I( t t /1. 1 [G., (k, R)F, (kR)]rz
Z{aliﬁl,i 4 2\ay,; B Ly =j

, ayi
1 .
7 L #],
(3.16)
oy (o7
_ { Giy(k, R;)Fyy (k,7); r <R 347)
(-D"F, (k,R))Gy(k,T), T>R,n=12 "

Pr, (k1)
B { Gl (k,R))F, (k,7), r<R; (3.18)
(-D"F, (k, Rj)Gly(k r), r>R,n=12 '

o -1

(ii) (Hy.apim) = k) = (Hy ey — k2)
N

) @2 @ha [ (O (1 12 (-F)Y™, )x

ij=1
| Iy Gy, ™-

ui, (O (1 & (=)™, 12 oy, ™ —
ui GO (1 & (=)™, xl. 1B oy, ™

+ui, G (1 1B (“R)Y™, L gy Gor ™),
k2 € p( Y;“;ﬁ,{R})’ Imk > O,I

€ N, (3.19)

proof :
Similar to the proof of theorem 2.1.
Let us now provide the additional information on the domain of
hyyqpry@nd prove that the 2N parameters &' interaction plus
Coulomb interaction is local.
Theorem 3.2: The domain D(hyy ¢ g .(ry), = < @y Bin <
oo,n =1, ..., N consists of functions of
the type:

DLy.a.p.R) (k, T)
+Z[ﬂll) (k))(ly(k R; )1,0(2)(]{ T')

— 1) (0 U, ROPS (k1)
—uf&(k)xly(k ROPED Ue,m) + 1, ()t (e, RYYED k7)),

Ly € D(huyry), K2 Ep(hl.a.ﬁ.{R})' Imk
> 0 (3.20)

= Xl,y(kvr) +

Where the constants yé’{i,(k), p = 1,2,3 are defined by eq.(3.16),
Xl,y € D(hl,‘y,{R}) and kz € p(hl,y,a,ﬁ,{R}): Imk > 0. The
decomposition (3.20) is unique and with ¢, o g (zy Of this form,
we obtain:

(huyapimy = k) buyapim = (hym = k)2 (3.21)
Consider ¢l,y,a,ﬁ,{R} € D(hl,y,a,ﬁ,{R}) and ¢l,‘y,a,ﬁ,{R} =0 in a
openset A © (0,), then hyy 4 g ryPry.apry = 0 In A, which
means that the interaction described by h,,, o  (r;is local.

Proof
Similar to the proof of theorem 2.2.

3.3 Spectral properties of hy ), o g (r}

The spectral properties of h;, . zrjare provided by the

following theorem where 0., 04, 05 denote the essential

spectrum, absolutely continuous spectrum, singularly continuous

spectrum respectively.

Theorem 3.3: For all a; ,, 5, , € (0, ), we have:
Uess(hl,y,a,ﬁ,{R}) = Oqgc (hl,y,a,ﬁ,{R}) = [0: oo) (322)

Usc(hl,y,a,ﬁ,{R}) = @ (323)

Proof:
Similar to the proof of theorem 2.3.

3.4 Scattering theory for the pair (h,,y,alﬁ,{R}, hyy vy
For k = 0, we define the function

¢l,a,B,{R}(k: T) = Fly(kx T') +

Z | GO R Ge e e ) -
~(2)

ul,)(k)Fly(k ROD () = 2 GOy, (e RDL (k)

1 (OF,, (k, RYYS (k,1)] .

l]}’
(3.24)

One can show easily that the function hy, , g (zy fulfills the
foIIowing conditions:

(1+

< Bln)¢lyaﬁ{R}(R +)+<ﬁ’_”_

)¢lyaﬁ{R}(R -)=0

1) bryapmy(Ri =) =0,
Ly ap (o) U+ D1r72dy 0 5k, 1) +

yr_l(l’l,y,a,ﬁ,{R} (k, T) =
K2Puy.ap.ry e, 7).

)d’lyal?{R}(R +) +( 2

(3.25)

Consequently, the functions ¢, 5z} are the scattering wave
functions of h;, 4 g (r}-

For k > 0, the study of the asymptotic behavior of ¢, o g (r} aS
r — oo yields(Gesztesy F. and Thaller B. 1981)

('bly “ll;l Aly(k) sin <kT - —ln(ZkT) - _|_ 5(0) (k)>

N
> ( b o) - u? (k)) Fiy Kk, R)Fyy (K R)By, ()

UY UY

X exp [—i (kr — —1n(2kr) - 5(0) (k))l

= [ Ay (k) — By, (K)F/, (k, R)Fy, (k, R} X
< ) (k) — (2) (k))] sinx; +

l] Y l] Y
B1y 0Oy Ch ROFy R) (15100 = ) (k) ) cos x,

l]Y

=[R2, 2(0) + K2, (0 sin (3 + 85y (0) + 0D, (3:26)
Where the pure Coulomb phase shift 51(_],) (k) is given by

5O (k) = arg[ (1+ 1+ y)] (3.27)

2k

and
x, = kr— —1n(2kr) -— + 8 (k)

(3.28)
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hl],2 W denotes a digamma function(Abramowitz M. and Stegurn
I.A.,, 1972).
= Z By, (k)F{, (k, R)F,, (k, R) ( f}ll)/(k) The Coulomb modified scattering length ay q,,¢xycan be
calculated from the expansion (3.37). After a straightforward
szi(k)> (3.29) computatlon we obtamed
iy (071
O R— Z Uy (3.36)
huya = Ay (k) = ZBly(k)Fw(k R)Fy(k,R) X (3.30) @5, m}(k) Fiy (0. Ri)Fy, (0, Ry)
=1
(1 (k) 2 (k) . 1
Hijy Hijy where we have used the notationsv = 2l + 1,y = (4yr)z and,z =
1
The Coulomb modified phase shift 51(,;)(") is given by: (4ly|r)=.
5© K The corresponding dlfferentlal scatterlng Cross section is
lyaﬁ{R}( )
= —arctan Zlyzgg o= 42 (l + ) |f1(;)aﬁ{R}(k)| (3.37)
Lyl
VB, (K)F,(k,R)F,.,(k,R)Q(k A straightforward computatlon shows that the total scattering cross
= — arctan i by (R)Fy (k. ROFyy (k, ROQ(K) (8esdipn for the pair

Ay (k) = 1%L, Biy (K)F), (k, R)F,y (k, R)Y (k)

h v h reads:
where(Bolle D. and Gesztesy F., 1984) (huy.cp.iry l'y'éoR})

Ay, (k) = 27k~ exp (4;:) Orotal = 87'[2 (l + >|ﬁ(;)a 5y (K 2
x (21 o =0
+2) |r (l +1 - Z ( )
+ %) 1 (3.33) 2 "o | 2
) — Gz [P® Z Fl (k, RO Fry (e, RY) Q5 (K) (3.38)
: k Ay, (k) by
and

Qi (k) = (“Uli(k) yszi(k)) 4. Conclusion

The Coulomb modified on-shell scattering matrix is given by: A study of the 2N-parameter model of §’- nonrelativistic spherical
© = i5© d 6’ - nonrelativistic spherical interactions plus a Coulomb
S (k) = exp(2i8 (k) an p p
RELAS ( Lra. b8 ) interaction was made with the aim of
— 1 _ 9 R2 3 ' to determine the impact of the unification of two nonrelativistic §'-
= 1= 2ikBy, (k) Z ijiy (Vi (k, ROFyy (e, R). - (3:33) sphere interactions of the first and second kind on the motion of a
nonrelativistic physical system.

i=1
The corresponding partial wave scattering amplitude reads: . ;
P gp gamp The scattering wave functions depend on

. o(c
£ (k) = &P (Zlal(ry)ralﬁr{R}(k)) — 1 e N parameters which characterize the &'~ sphere
Ly.aB.{R} 2ik interaction of the first kind
o e N parameters which characterize the §'- sphere
= —Bf, Z Fyy (k, Ri)Fuy (e, R Qi (K. (3.34) interaction of the second kind
i=1 e the coupling of the two kinds of parameters mentioned

The Coulomb modified effecti . above which characterize the unification of the §’- sphere
e Coulomb modified effective range expansion interactions of the first and the second kind.

corresponding t0 hy,y . (ryreads (Abramowitz M. and Stegurn - o ¢oc > 0,6, <0mn=1,..,N leads to a strong increase
1.A., 1972) in the diffusion amplitude and a decrease in the diffusion length.
iy
tr1e )
r(teteg

Finally if we consider the case a;, # 0,8,, =0,n=1,...,N the
exp (_ ﬂ) kcotd(c)aﬁ{R}(k) ik + exp( )h (k) parameters model lead to those corresponding to the §'- sphere

2

(2k)2T (21 + 2)2 X

scattering quantities  theory found in the case of the 2N

2k interaction of the first kind while the case B,, # 0,a;,, = 0,n =
1,..,N allows to have those corresponding to the &§'- sphere
=-— +0(k2),k > 0,y € R.(3.35) interaction of the second kind.
a

Ly.a.B.{R}
where af® . (k) is the Coulomb modified scattering length Bibliography
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