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Abstract

We introduce and make a systematic study of two new exactly solvable models of two parameters nonrelativistic & -sphere
and & -sphere plus Coulomb interactions which constitute a generalization of one parameter & interactions formally given
by H= -A+2+ a8 (x| —R),x ER},R>0,n=12,y; =0, y, # 0[1] . We provide the mathematical definitions of

Ix]
hamiltonians and obtain new results for both model, in particular the resolvents equations, spectral properties and some
scattering quantities theory.

Keywords: Equation résolvante, propriétés spectrales, théorie de diffusion.

Résumé

Nous étudions deux nouveaux modéles a deux paramétres d’interactions & -sphérique et & -sphérique plus une interaction
Coulombienne qui constituent une généralisation des interactions de surface & un paramétre formellement données par

H=-A+ lyx—"|+ ad (x| —R),x R R>0,n=12,9, =0, ¥, # 0[1]. Nous définissons les hamiltoniens de ces

modeles, calculons les équations résolvantes, étudions les propriétés spectrales et déterminons les éléments de la théorie de
diffusion.

Keywords: resolvent equation, spectral property, diffusion theory.

8" —sphere 8" —sphere interaction plus Coulomb interaction
in tree space dimensions. The two parameters nonrelativistic

The study of sphere interactions is interesting both & —sphere interaction generalizes the nonrelativistic
from the mathematical point of view and for understanding & —SPhere interaction of the first and the second type. [1]
various physical phenomena in quantum mechanics [1]-[13]. The paper is organized as follow: In Sec.ll, we

To the best of our knowledge, the & -sphere interaction have Provide a mathematical definition of the Hamiltonian, the
a recent history [1]. They are exactly solvable models and resolvent equation, the spectral properties and the scattering

their study aim at extending a well understanding of contacts data (the phase shift, scattering matrix, scattering amplitude
interactions. The & -sphere interaction was introduced by J. and scattering cross section). In Sec 11, we gene[allze the
Shabani et Al [1] and is different from the &-sphere _results (_)f Sec.ll to the case ofatv_vo parameters & —sphere
interaction of the second type introduced in ref [2] and INteraction plusa Coulomb interaction.

inadequately called “§" —sphere interaction”.

In this paper, we discuss the basic properties of new exactly

solvable models of two parameters nonrelativistic pure

1. Introduction
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2. Basic prope:rties of the nonrelativistic two ¢l(1) (k1) = {0{71 (k,7); r< RR 2.11)
parameters 8 —sphere interaction ’ r>

2
2.1 Definition of the model b %k’ r) <R

; r

In this section, using the theory of self adjoint extensions of ~— {Gl (k,7); r>R (2.12)
symmetric closed operators, we provide the mathematical
definition of quantum hamiltonian describing the where
nonrelativistic two parameters § —sphere interaction. 3\ -l L
Consider the formal expression Filk,r) =T (l + 5) (5) 72,.1(kr)
H=-A+a8 (x| —R), xeR3,R>0. (2.1) N
We define in L*(R*) the closed symmetric and non negative ¢, (k,r) = iIr (l + _) (_) r2HY (Jer) (2.13)
operator by 2 2/\2 47

H = —A,
D(H) = {fe H**(R®)/f(0k(0,R)) = f (8k(0,R))
= 0} (2.2)

where H™"(Q) is the Sobolev space of indices (m, n) and

k(0, R) is the closed ball of radius R centered at the origin in

R3.

We decompose the state Hilbert space L? (R?) with respect to

angular momenta by:

L*(R®) = L2((0, ), 72dr) ® L*(5?).

We introduce the unitary transformation by
U: 1*((0,),72dr) » L*((0,),dr) = L*((0;)),

(2.3)

f->WUNE)=1f(r) (2.4)
which enables us to represent L% (R3) by
L*(R)=D, U'1((0,0))®[Y, ™ ... ¥, ] (2.5)

where the spherical harmonics Y™, l € Ny,—l<m </,
provide a basis for L?(5?) (52 is the unit sphere in R3). [...]
denotes the linear span of vectors in L2(S?).

With respect to the decomposition (2.5), H reads:
H=®",U 'hU®1I

where

(2.6)

. d2 I(l+1)
hu = Cdr? 2
D(h,) = {f € L((0,))/f,f € ACic((0,));
fO+)=0ifl=0;f(R+)=f (R+) =0,
—f" 10+ Drif
€ 12((0,»))}. 2.7)
AC,. ((€)) denotes the set of locally absolutely continuous
functionson Q c R and
f(x+) = lime,g f(x%€). The adjoint H* of H is given by
H =@, U™ UR1I (2.8)
Where the adjoint 4, of A, reads :
pe_ @ 1+ D
LT ar? r2
D(h') = {f € L2((0,9))/f.f" € ACic ((0,) \ (R});
—f" + 10+ Drif
€ L2((0,0))}.

(2.9)
A straightforward computation shows that the equation
hy (k) = k2, (k), 3, € D(hy ), Imk > 0,
leN, (2.10)
has two linearly independent solutions :
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and J, (.) denote the Bessel function and H,f”(.) the Hankel
function of the first type of orderv. Therefore, A, has
defiency indices (2,2) and consequently, all self-adjoint(s.a)
extensions of h; are given by a 4- parameters family of self
adjoint operators [14].
Let us define a special 2-parameters boundary conditions at r
=R.
Consider the radial Schrédinger equation for a & -sphere
interaction given by the formal expression
> 1(l+1) , )

_W —2+al6(r—R) ¢=k¢
Suppose that the derivate ¢  is discontinuous at r = R.
Integrating equation (2.14) over [R —&,R + ¢] and taking
the limit € — 0 +, we obtain
(1+D) 'R+ +(Z-1)p'®R-) =0

2 2 '
We have used the relation [1]:

R+e¢ , 1 ,
lim §'(r—R)p(r)dr = —E(gb (R+)
E—

+ ¢’(1g -). (2.16)

Interchanging ¢ and ¢ in equation eq. (2.15) and taking
a; — By, we obtain the second boundary condition:

(1 + %) O(R +) + (% - 1) $(R ) = 0. (2.17)

Therefore the boundary conditions which define the two
parameters nonrelativistic § -sphere interaction are:

a ' (24} ' _
(1 +?)¢ (R+)+(7—1)¢ R-)=0
(1 +%>¢>(R +) +(%— 1>¢>(R =0
We consider a special two parameters family h; ., g,0f (s.a)
extensions of A, defined by

(2.14)

(2.15)

R—¢

d> 11+ 1)
hl.azrﬁl = T dr? 72’
D(hl.az.ﬁz)
O+ H e R+ (S-1)¢' R =0
= d)ED(hl ) Bi Bi
(1+8)er ) +(E-1)p®r-) =0
al,ﬂleR. (219)

The case a; = B; = 0 in eqg. (2.19) coincides with the free
kinetic energy hamiltonian h;, for a fixed angular
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momentum [. Let a = {a;}en,, B = {Bi}ien, and introduce (hl,al.ﬁl _ k2)—1 = (hyo — kz)—l

in L?(R?) the operator: 2

Hyp =@ U™ hy 5, UL (2.:20) + Z A (O (=), )P k), k2
in=0

The hamiltonian H, ; provides a mathematical definition of € P(hz a ﬁz)'

the two parameters nonrelativistic § -sphere interaction. Imk > 0,1

The particular case @ = B =0 in eq. (2.20) leads to the free € N,

hamiltonian where ¢("), = 1; 2 are given by eqg. (2.11) and eq.

Hy = —A; D(Hy) = H**(R®). (2.21)
The particular cases « # 0, =0 anda =0,8# 0 ineq.
(2.20) yield the nonrelativistic & -sphere interactions of the
first and second type respectively[1].

2.2 The resolvent equation
Theorem 2.1: The resolvent of h; ,, s, and H, gread

respectively:

@) (hyap —k2)"
= (b — k2~
+ () [ (87 (- fc) Y ) —
B2 (<), )T ~ “P (P (), )5
lﬁl (1.0 2)(_")'-)1:01 D(k)],
k? € p(hig,p,); Imk >0; 1

€ Ny (2.22)
where
w (k) = {1 - alTﬁl‘F (B = a)[G, (e, ROF, (e, B)] } (2.23)
Wk, )
3 G,(k, R)F,(k,7); r<R
- {(—1)"5 (e, R)G (k,v), T>Rn=12 (224
tﬁl(n)(k’r)
_ Gll (k!R)Fl (k! T)’ r<R
- {(—1)"F{ (,R)G,(k,), 7r>Rmn=12 (2.25)
(if) (Hap — k%)
= (Hy —k*)™!
+@720 Dy 1 (O, (I 197 (k)Y ™, )x
. |1/)1(2)(k)Yl(m)-ﬂz(|- |lpl(2)(_lz)yl(m)’ . )l |ll~)l(2)(k)yl(m) _
SR 1 (k)Y ™, )x

l. |l/)~l(1)(k)Y(m)

az.Bl G 1 z)( k)Y(m) . |¢(1)(k)y(m)] 2
€ p(Haﬁ), Imk >0,
leN, (226)

Proof:
Since the symmetric operator A, has deficiency indices (2,2),
the Krein’s resolvent formula of h; , g, reads

(2.12). Let g € LZ((O; o)) and define the function f(k,r)
by »

1) = (R, — K2 g) . (2.28)
Since f € D(hyq,p,). it follows that f satisfies the boundary
conditions in eq. (2.19).The implementation of these
boundary conditions gives the constants 4;,:

A1 (k) = (k) [, Gy (k, R)G, (K, R)
=BG, (k, )G (k, R)]

A2 (k) = (k) [_alFl, (k, )G, (k, R) + B,G, (k, R)F,(k, R)

_ah
2 i
Az (k) = w () [—arFy (k, R)F, (k, R)
+ BlFl (k' R)Fl (k! R)]
Aaa () = (0 | P G, ROG1 G, )

~ 161U ROF G By + 221

Inserting them into eq. (2.27) we obtain eq (2.22).
Eq. (2.26) follows from the decomposition eq. (2.20) and eq.
(2.22).
Let us now provide the additional information on the domain
of hy 4, 5,and prove that the
two parameters & interaction is local.
Theorem 2.2: The domain D(hy ¢, ,), — < a;, B < 0,7 €
R, consists of functions of
the type :
()bl,a'l,ﬁl (k, T') =X (k, T')
+ 1 ) (@i (k, R (e, )
— B (k, Ry (k) —

(2.29)

l—ﬁlxl(k RYP (k, 1)

+ l—mxl (k, Y (K, r))
where p(k) is defined by eq. (2.23), x; € D(hy,), and
k? € p(hyg,p,),Imk > 0. The decomposition (2.30) is
unique and with ¢, ,, 5, of this form, we obtain:

(hl,al,ﬁl - k2)¢l,al,ﬁl = (hl,O - kZ)Xl- (2.31)
Consider ¢4, 5, € D(hia,p,) aNd @14, =0 in a open set
Ac [0, ), then hy 4, 3, P1a,p, = 0 IN A, Which means that the
interaction described by h, 4, , is local.

Proof:

The domain D(hy 4, 5,) reads:

1
D(hl,al,ﬁl) = (hl,al,ﬁl —k*) (huyo

(2.30)

—k?)D(hyy)
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={(ho-k?)"
+ w (O [ (PP (=F), ) (k)
—B (WP (k). )PP (k)

- D (R, )P
B _
DGO (R), P} (o
- kz)D(hl,O);

k? € p(hig,p,); Imk > 0,1
€ N,. (2.32)
Eq. (2.32) prove eq. (2.30). Let now ¢; 4, 5, = 0 in eq.
(2.30), then

X () = () (—ayx, Ue, YW (k, 1)

+ Bk, RGP (k) +

l—ﬁ’xl(k R (k, 1)

- l—ﬁ’x, (e, DYV (k, r)) (2.33)

and y; € ACy,.((0,0)) implies y; = 0 which prove the
uniquess of eq. (2.30). The relation

(Prayp, — kz)_l(hl,o —k*)x
=Xi
+ w ([ (PP (=k), (hyg
— k20 )P ) -
Bi(w P (=k), (hyo — kZ)xl)zﬁ(”(k)

a ~
WO (<), (b — ) )
+ A2 (G P(=E), (o -
L2yl
= ¢l:alzﬁl’k2 S p(hlralrﬁl)’ Im k
>0 (2.34)

prove (2.31).
Next prove now the interaction h; , g,is local.
(@) We assume R ¢ A and

(huo — k2) (e (k, RYpP (k,.) + B (e, OB (k, )
azﬁz F(1)
+ Xl(kl R)lpl (kl)

_lTﬂle (k, R)‘/)z(l)(k )> (=0 (2.35)
From eq. (31) we can write
(hiarpibras) )
= kzd)l,al,ﬁl(r)
+ (o = k%)) () (2.36)

If we assume that ¢, 4, 5, = 0 in eq. (2.36) we obtain
(hl,al,msbl,al,ﬁl) ()

=u (k){(hl,o

— k) (=apx Ue, PP ke, )

+ Bun (e, OB e, +

B B
#xl e PP ,) =2 — 2k R G, ))} )
=0,7r EA. (2.37)
() If ReA then ¢ R)=0 and x €
AC,. ((0; 0)) implies y;= 0 and hence
(hl,al,ﬁlqsl,al,ﬁl) (T) = k2¢l,al,ﬁl(r) = 0 re
A. (2.38)

We proved that if ¢,,,5 =0 in a open set A c R, then
hia,p,Pra,p, =0 In A, which mean that the interaction
hy q,p,is local.

2.3 Spectral properties
The spectral properties of h;,, g are provided by the
following theorem where o,; g,.; oy denote the essential

spectrum, absolutely continuous spectrum, singularly
continuous spectrum respectively.
Theorem 2.3: For all ;, 8, € (0, o) we have:
Oess (hl.az.ﬁz) = Oqc (hl,az,ﬁz)
= [0, ), (2.39)

0sc(hiap) = 9 (2.40)
Negative eigenvalues of h; ., 4 are obtained from the
equation

p ,
1— lTﬁl += B —a)p® (W=E,R)=0,E <0. (2.41)
Proof :

Eg. (2.39) and eqg. (2.40) follow from Weyl’s
p.112 and theorem XIII respectively.

Eq. (2.41) follows from eq. (2.22).

The resonances of h;, s are defined as poles of the
resolvent eq. (2.22) in the unphysical sheet

Imk <0.

theorem [16],

2.4 Scattering theory for the pair (hyq, g, , hyp)
For k = 0, we define the function
Gra,8, (k1) = Fi(k )
+ () (@ F (e, Ry (k, )
— BiF Ue, Y (k) —
gy, O e

+ l—[’)lpl (k, R (k, r)).

One can show easly that the function ¢, 4, g, fulfills the
following conditions:

(2.42)

(143) $rapu R + (5= 1) Gy (R ) = 0
(1+5) freusn @ 3+ (5= 1) by R ) = 0

¢l,al,ﬁl(k )+ 1+ D172, 5k, 7)

= kzd’z,al,ﬁl (k,7) (2.43)
Thereforeg, ,, g, are the scattering wave functions of h; ., g,
The phase shift of h; ,, g is obtained through the asymptotic
behavior of h,;, gasr — co.
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For k > 0, one has [17]

DrapT — © Ai(k)sin (kr -

lr[)

2
+ w (k) {alFl' (k, R)F,(k, R)B, (k) exp [—i <
BiF, (k, R)F,(k, R)B, (k) exp [_i (kr _ lﬂ)]}
2
=[A;(k) —ip (k) B, (k) (a z
- .Bl)ale’ (k,R)F,(k,R)] sin (kr — ?T[) _

, l
B @ = Bk Gk, RYFy(k, R) cos (kr = )

i I
"3

|-

= [L3,(k) + L3 (k)]% in| k —l—”+5 (k)
1, ) 2,1 sinf{ kr 2 LayBy

+ 0(1).
Therefore the phase shifts reads:

(2.44)

LZ,[
80,5, (k) = —arctan—=
Ll,l

1 (k) B, (k) (e — B)F; (k, R)F, (k, R)

= T AL — (0B (k) (@ — BOF, (k, F (k, R)
(2.45)

where [17]

A (k)

=27 (+2)r(+1) 714, (2.46)

Bi(k) =+ YY) (2.47)

The on-shell scattering matrix is given by

Stayp, (k) = exp(2i8, 4, 5,(k))
= 1 — 2ikB} (k) (k) (a; — B)F; (k, R)F;(k, R). (2.48)

The partial wave scattering amplitude is given by:
exp (Zial,a[,ﬁl (k)) -1
2ik

frap, (k) =

, = =B () (k) (et

= BF, (k, R)F,(k, R). (249

The on-shell scattering amplitude f; o, 5, (k, w, w ) associated
with H, ; reads:

fl,al,ﬁl (k, w, (L)’)
R exp (Zié‘l,al,ﬁl(k)) -1

- 4”2 Z 2ik

=0 m=—

The corresponding effective range expansion reads:
[(21 + 1)N]2k2H1 ot 8yq,5, (k)

Y™ (@)Y (@)

-1 1 2
== Baq4 + Erl'al'ﬁlk
+0(kY) (2.51)
where the scattering length a, ., g, is given by:

Aarp =

1 (0)(a; = B + DR, (2.52)
The total scattering section for the pair (h; 4, g, ,hi0) IS given

by

Ototal = f dQo (6, p) (2.53)
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where 6, ¢ are angulaire variables. The differential scattering
cross section o reads[18]

o= 42 (z + E) |frauss|’ PE(cos 6). (2.54)
The Legelndore Polynomials P;(cos®8) are defined by
Rodrigues formula [19]:

P,(cosh) = (_—)l (L> (sin 6)? (2.55)
211 \d cos 6 ’ '

Then eq. (53) reads:

1 2
Guopal = 42(1 +§) fras] f dQ(l
=0
1

+ §> P;(cos®) P;(cosh)

had 1 2m i
=4 (1+5) |f,,al,,;l|2f d<pf 46 sin 0 (1
=0 2 0 0

1
+ E) P;(cos@)P;(cosh)

oo

= —87'[2 <l + %) |fl.az.ﬁz|2 jon d(cos 6) (l

=0

1
+ E) P;(cos@)P;(cosh)

o) 1 , 1
87> (1+3) Vfieus j ax (1
1=0 -1

1
with X = cos@, then, the total scattering cross section reads:

Ototal
(o]

1 2
= 8”2 <l + E) |fl.0€z.b’z|

=0

(.

=0

(2.50) Ttotal

1 — B)BE(K)F, (k, R)F,(k, R

+_) 50;1 :fl) { (k)F, (k,R)F;(k,R) | 2s57)
21— % +5 (B — a)G (k, R)F (k, R)]

A straightforward computation shows that:

- Z o (2.58)

=0
where g; is called partial cross sections and is given by :
0 = 4m(2l + 1)k~ sin® 8,4, 5,-

3. Basic properties of the two-parameters
nonrelativistic 8'-sphere interaction plus Coulomb
interaction

3.1. Definition of the model

The two-parameters & -sphere interaction plus Coulomb
interaction is formally given by the hamiltonian



Volume 28 (2020) 36-45

VYABANDI

H = —A+|Z—|+a5’(|x| —R), YER, x €R3,R
> 0. (3.1)
Consider in L? (R®) the operator
7 A+ L
H, =-A+ |x|'_ -
D(H,) = {fe H**(R*)/f(9k(0,R)) = f (9k (0, R))
=0}. (3.2)
We introduce the operator I-'Iy by
H}’
= @72 U h,, UQ 11 (3.3)
where
. > I(l+1) vy
hy = T dr? t

r2 T
D(hl,y) = {f € LZ((O' OO))/f,f, € ACloc((O' oo))'
FOO+) =0ifl=0;f(R+) = f (R+) =0,
—f" +1A+Dr 2 f +yrif € 12((0,0)},y €RI
€ N,. (3.4)

The adjoint H; of H, reads
Hy

= ®2,U 1A, UR 1I (3.5)
where the adjoint h;, of A, reads:
N a2 I(l+1)
My =gt Tty
D(hi,) = {f € ((0,2))/f,f € ACiyc ((0,0) \ {R});
F0+) = 0ifl

=0;
—f" +1A+Dr 2 f +yrif € [2((0,0))}, ¥y ER1
€ Ny. (3.6)
The deficiency indices equation
hiy 1y (k) = k2¢l,y (k), ¢1y € D(h}“y), Imk > 0,1

€ N, (3.7)
has two linearly independent solutions :
o) (k1)
_ {Fl,y (k,71); r<R (3.8)
0 r>R
&2 e,
_ 0; r<R
- {Gl,}, (k,1) r>R

where
i
R, (k1) = r'*exp(ikr)  Fy (l +14 %; 21

+ 2; —Zikr)

41

Gy, (k,7) = T(21 +2)7'T (1 +1

i
+ %) (—2ik)?* i lexp(ikr)U1 + 1
iy

+2k

; 2L+ 2; 2ikr)

(3.10)
where {F;(a; b; r)(U(a; b; r)) denote respectively the
regular (irregular)confluent hypergeometric functions[18].
The operator hl,yhas deficiency indices (2,2) and
consequently all its self-adjoint extensions may be
parameterized by a 4- parameters family of self-adjoint
operators[14].

Let us introduce the following two parameters family of s.a
extensions of i, , by:

hl.y.az.ﬁl
_d? I+
T dr? r?
WY
r
D(hl,%dzﬁz)
=1f
) (1 +%)f’(R +) + (%— 1)f (R=)=0
€ D(hl"’) B B ’
(1 +7)f(R )+ (7— 1>f(R y=o.
al,ﬂl eR. (311)

The case a; = B; = 0 in eq. (3.11) yields the free Coulomb
hamiltonian h;, for a fixed angular momentum L.
The two-parameters nonrelativistic 8 -sphere interaction plus
Coulomb interaction is defined by

H}’:a;ﬁ = e?iou_lhl,y,al,ﬁlu® 1, a= {al}fio'ﬁ

= {Bi}o- (3.12)

The particular case « = 8 = 0 in eq. (3.12) leads to the
Coulomb hamiltonian

H, = ®72,U 'h, UR 1], (3.13)
where
d> I(l+1) vy
hl,y = _W ) + -

T
D(hy,) = {f € L2((0,0))/f,f € ACi ((0,));
—f" +1+ Dr2f +yrif € 12((0,0))}y € R, 1
>1. (3.14)

(3.9) The case ¢ # 0,8 = 0 in eq. (3.12) yields the nonrelativistic

8 -sphere interaction plus Coulomb interaction of the first
type. The case B #0,a=0 in eq. (3.12) yields the
nonrelativistic ~ & -sphere interaction plus  Coulomb
interaction of the second type [1].

3.2 The resolvent equation

The resolvent of by, , 3,and H, . » are given by the
following theorem:

Theorem 3.1 : If a;, B, # 0, we have :

() The resolvent of h;,, ., 5, is given by
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(hiyarpr — k2
= (hy — k%)
+ myy O (P2 (k) )2 k) -

AP (1) i) 00 = S (D (<) )i o
* ITm(ll?zf?(—k).-)wi?(k)],
k* € p(hl.y,a,,m); Imk>0; 1
€ No (3.15)
where
:ul,y(k)
af
{1 Ta
+3 (ﬁl — )Gy, (k, R)Fy, (k, R)] } -1 (3.16)
l/)(n)(k,r)
Gy, (k, R)Fy, (k,7); r<R
= {(—1y)nFl'y(k,}}%)Gl'y(k,r), rsRn=12 G171
lp(n)
Guy (ks ROFy (K, 7); r <R
{( ]:/l)nFly(k R)Gly(k ), r>Rn=1,2 (3.18)

The resolvent of H aﬁ reads:

(i1) (Hyop — k2)

= (1, ~ i)

+B72 DLy —y 1, (O (I 192 (=K, ™, )x

L 12U, ™ -B,(1 [ 2 (=k)Y, ™, D112 Uy ™ —
‘Zlﬂl (l |l,b(2) k)yl(m)’.)x

| |¢§;)(k>yfm>
B -
LB (R, )L o™ ke

€ p(Hy,a,ﬁ), Im k > 0,

l e Ny, (319

Proof :

Similar to the proof of theorem 2.1.

Let us now provide the additional information on the domain

of h;y «,pand prove that the two parameters & " interaction

plus Coulomb interaction is local.

Theorem 3.2: The domain D(hy 4, 5,), —© < @;, B < o

consists of functions of

the type:
¢l,y,al,ﬁl(k' T') X1 y(k T')

+ #ly(k)(al)(ly(k R)llh(z)(k r)

— Butiy (e, RYB) (e, ) —

42

lﬁl

o 2y (e, YD) (k,7)

B
2

’

—— X1, (e, R (&, r)) (3.20)

where g, (k) is defined by eq. (3.16), x;, € D(h;,) and
k? € p(hyy4,p,), Imk > 0. The decomposition (3.20) is
unique and with ¢, , g, Of this form, we obtain:

(hl,y,al‘ﬁz - kz)(»bl,y,al,ﬁl

= (hy, — k*)x1,- (3.21)
Consider ¢y 4,5, € D(Riya,p,) A Py q,p, = 0 in a open
set Ac(0,%), then hy,q 5Py =0 iInA, which
means that the interaction described by h,,, ., 4,is local.

Proof
Similar to the proof of theorem 2.2.

3.3 Spectral properties of h; o, g,
The spectral properties of h;, . g are provided by the
following theorem where o, 0,., 05 denote the essential

spectrum, absolutely continuous spectrum, singularly
continuous spectrum respectively.

Theorem 3.3: For alla;, f; € (0, ), we

have:o,ss (hl.y,az,ﬁz) = Oqc (hl.y.az.ﬁz) =

[0, 00) (3.22)

Osc (hl.y.az.ﬁz)

= Q. (3.23)

Negative eigenvalues of h;, ,, ¢, are obtained from the
equation

1= ?

<0

(i\/—_E,R) =0,E
(3.24)

Proof:
Similar to the proof of theorem 2.3.

3.4 Scattering theory for the pair (hy,y,q,4,, hiy)
For k = 0, we define the function
by ap, () = Frp (k1)
+ puy () (@ Py, (e, RYg) (k, )
= BiFiy (e, YY) (k) —

b — Fuy (e, ROP) (k)

l.Bl

+ —Fly(k R (k, r)) (3.25)

One can show easily that the function h;, ., g, fulfills the
following conditions:

(1 + ﬂ) Py (R +) + (ﬂ - 1) Buyap (R =) =0

( ‘Bl)d)lyalﬁl(R-I')-l'(&_l

>¢lyalﬁl(R -)=0,
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Blyap, o) + U+ D2y g, (T

+ yr_ld)l,y,al,ﬁl (k' T)

= k21,5 (k7). (3.26)
Consequently, the functions ¢, , o, 5, are the scattering wave
functions of h;, 4, g,-

For k > 0, the study of the asymptotic behavior of ¢,, ., 4,
asr — oo yields[17]

Diya " Aly(k) sin (kr ——ln(Zkr) + 6(0)(k)>

+
+uy, ()F,, (k, R)F,, (k, R)By, (k) (o,

= B exp

+68 (k))l

i kr — L inkry =
1| KT an T 2

= [ 4y, (k) — iy, (k) By, (k) (a,

— B)F,, (k,R)F,, (k,R)] sinx; +
() By, (k) (a; — B F, (k, R)Fy, (k, R) cos x;
1
= [LF, (k) + L}, ,(K)]? sin (xl + 5,(;),[”,,31 (k))

+0(1). (3.27)
Where the pure Coulomb phase shift 6,(0) (k) is given by

5@ (k) = arg [r (z 14 22)] (3.28)
and

e
X = kr—o- n(2kr) >

+ 89 (k) (3.29)

Ll,y,Z
= Uy (,k)Bz,y (k) (a
- B)F,, (k,R)F, (k,R) (3.30)

Ll,)’rl = Al,y (k) - i:ul,y (k)Bl,y (k) (al

— B)F,, (k, R)F,, (k,R). (3.31)
The Coulomb modified phase shift 51(’;) (k) is given by:
©
81 (K

(©)
SlV apBi

=1

- ZikB,zz,y (k).u-l,y (k) (

= BOF,, (k, R)Fy, (k, R). (3.35)
The corresponding partial wave scattering amplitude reads:

exp (2151(7)061 5 (k)) -1
2ik

(k) = exp <2161(;)al 8, (k))

(c) _
flvazﬁz( )=

= —B?, (), (k) («

— B)F,, (k, R)F,,, (k, R). (3.36)

The Coulomb modified effective range expansion
corresponding to hy,, ., 5, reads [20]

(2K)2IT (2L + 2)2 |r(l +1

. 2
g 24 ©
+ ﬁ) exp (— ﬁ) (k cotd, a, ﬁz(k)
1
1k+exp( )h (k)) -
Qy,a181 (k)
+0(k%),k >0,y €R, (3.37)

where al(j,)‘alﬁl(k) is the Coulomb modified scattering length

and the function h,, (k) is defined by

1 =y [r(1e )] o)+ (1 57)

Y denotes a digamma function [19].
The Coulomb modified scattering length a;, ., ,can be
calculated from the expansion (3.37).

After a straightforward computation we obtained:
1

G
1- 2Lt (B — @) S (], 0k, (9}
y IR+ 2R, () — B) S {rit, 0D}
1= 0
—i2(8 — @) {rk, @H, (@)},

V—ZHF(ZZ + 2)2R2, (2) (e, — ﬁl);{rzjv (Z)}r=R
y<0

)

1— azﬁz

(3.39)

= —arctan Liy2 ()
Ll,y,l (k) ,
= —arctan tuy (k)By (k) (@ — BF,, (k, R)F,, (k, R)
- Ay, (k) —ipy, (BB, (k) (o) —
(3.32)
where [17]
Ay, (k) =271k 1exp( )r(zz
-1
+2)|T | (l +1+ 2]1;) (333)
By () = kA, (k) (3.34)

The Coulomb modified on-shell scattering matrix is given
by:

ﬁl)Fly(k R)F,, (k, Rhere we have used the notations v =21+ 1,y = (4yr)z

and, z = (4|y|r)2
The corresponding differential scattering cross section is

lee]

© ()| P?coso
fl}'azﬁz( )| Fi cos

A stralghtforward computation shows that the total scattering
cross section for the pair
(hiy,app, My reads:

(3.39)

43
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— 8 l 1 (c) 2
Ototal = OTC +E |fl,1’;‘1bﬁl(k)|

=0

1) B, (k) (a = B)Fyy (k, R)F,, (k, R)
211 = "B 4 2B — @)[ Gy (k, ROy, (e, R
Or

(3.41)

[oe]

Ototal = Z 0y (3.42)
1=0

where the partial cross sections g; is given by :

oy = 4m(2l + 1)k~2 sin? 67, - (k). (3.43)

Conclusion

In this paper, using the self-adjoint theory of symmetric
operator in Hilbert space, we studied the basic properties of
two parameters nonrelativistic 8 -sphere and &  -sphere plus
Coulomb (where a charged particle is perturbed by a &' -
sphere interaction). For the both interactions we obtain
interesting results on:

- resolvent equations

- spectral properties

- Scattering data (the phase shift, scattering matrix,

scattering amplitude, scattering cross section).

As perspective, one can study the case where & -sphere
interaction is centered on finitely many concentric spheres.
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